The universal theories of integral domains and of ordered integral domains which have the amalgamation property are characterized via their existentially complete models. The results of A. Macintyre, K. McKenna, and L. van den Dries on fields and ordered fields whose complete theories permit elimination of quantifiers are then derived as easy corollaries.
1. Preliminaries. The symbols x,y and z will be used both as variable symbols in first order languages and as variables for forming polynomials over rings. The symbols a, b, c, r, s, t, a and ß will be used both as constant symbols in first order languages and as symbols to denote elements of structures with the convention that b as a constant symbol is assigned to the element b of a structure. The notation <p(x) for a formula <f> indicates that the free variable of <i> are among x,, . . . , x".
The reader is referred to [2] and [3] for relevant facts about model-companions and existentially complete structures.
A first order theory T has the amalgamation property if whenever a model 9L of F is a submodel of models 9H, and ^ of F, then there is a model 911, of F and embeddings / of 911, into 911, and g of ^ into 911, such that fia) = g(a) for each element a of 911. P. Bacsich [1] has shown that a universal theory F has the amalgamation property if and only if whenever <b(x) is an existential formula, \¡/(x) is a universal formula, and F h Vx(<í> -* \¡/), then there is a quantifier free formula X(x) such that T h Vx((p -» x) and F h Vx(x -» ¡p).
The following lemma is essential to this paper. Proof. Let A' = {<p(x): <f> is existential and F h Vx(</> -» ^)}. Let 9H be an existentially complete model of T. It is well known (see the proof of Proposition 6.1(i) in [3] ) that 911 t= Vx(>|/ «h> V A'). For each <f> in A' there is a x in A such that F h Vx(«p -» x) and T h Vx(x -h> \p). Hence 911 N Vx(^ >w V A).
Since each formula in A may be put into disjunctive normal form, one may assume, and hereafter it will be assumed, that each formula in A(t|/) is a conjunction of atomic formulas and negated atomic formulas.
The set of universal formulas deducible from a theory T will be denoted by Fv and will be called the universal subtheory of F.
The following proposition (noted independently by L. van den Dries [9] ) follows readily from P. Bacsich's result or from results of A. Robinson and L.
Blum [7] . Proof. If 911 is finite, then it is a field since every finite integral domain is a field. Assume then that 9L is infinite. Then 911 has an extension which is existentially complete for S and which contains an infinite set of elements which are algebraically independent over the quotient field K of the prime subring R of 911 (take a suitable ultrapower of 9H and then extend to an existentially complete model of S). Now 911 is algebraically closed if this extension is, so one may assume without loss of generality that 9H itself contains such a set of elements. Sublemma 2.2. If\p(\) is a universal formula, ax, . . ., an are elements of 9L which are algebraically independent over K, and 9R, V -i t//(a), rAen 9111= -i t/<(b) whenever bx, . . . ,bn are algebraically independent over K.
Proof of sublemma. According to Lemma 1.1, 91L N Vx(t// <-* V A(tf>)) and by assumption each formula in A(\p) is a conjunction of atomic formulas and negated atomic formulas. Now each atomic formula has the form p(x) = 0 where p(x) is a polynomial with integer coefficients. Since 911 V x(a) for any X E A(\¡/), each x in A(i//) has a conjunct p(x) = 0 where p(x) is a nontrivial polynomial. Therefore, 9IL V x(b) for any x in A(\p), so 9H t= -i *¡<(b).
Proof of 2.1 (continued).
(1) Each transcendental element of 9L has an nth root in 911 for each n > 2. To verify this, let / E 91L be transcendental and apply Sublemma 2.2 to the formula Vy(-\y" = x) and the element t".
(2) Each transcendental element of 911 has a multiplicative inverse. To verify this, let \p(x) be the formula Vy -i (xy = 1). Let t be a transcendental element of 9lt. Then t2 + 1 is transcendental, so it has a square root s by (1). Then (s + /)($ -t) = s2 -t2 = t2 + I -t2 = I. Also s + t is transcendental, so one can apply Sublemma 2.2 to \f/ and s + t.
(3) Each nonzero element of 9H has a multiplicative inverse. To show this, let 0 ¥^ a E 9H and let t be an element of 9lt which is transcendental over the quotient field of R[a]. Then at is transcendental, so by (2) it has an inverse s. Then a(ts) = I. Hence 91L is a field.
(4) Each element of 91L has an nth root for each n > 2. Let 0 ?*= a G 9!t and let t be an element of 91L which is transcendental over the quotient field of R [a] . Then at" is transcendental, so it has an nth root s, i.e., s" = at". Then (st~ ')" = a. Thus 9IL is perfect. and the elements -sx(t), ...,(-l)"s"(t). (6) 911 is algebraically closed. Suppose not. Then there is an a G 91L -9IL, where 911 is the algebraic closure of 91L. Let n be the degree of an irreducible polynomial of a over 9lt, and let a = ax, . . . , an be the distinct conjugates of a over 9H (recall that 91L is perfect by (4)). Let /,,..., r" be elements of 9IL which are algebraically independent over the quotient field L of the subring of 9H generated by the prime subring and the coefficients of In the proof of Theorem 1 of [5] , it is shown in essence that g,(t), . . . , g"(t) are elements of 91L and are algebraically independent over L and hence over A. Therefore, by (5), there is a c G 91L such that/(c, t) = 0, so c = /, 4-t2a¡ 4-• • • 4-tna"~ ' for some i, 1 < i < n. But this contradicts that a has degree n over 911, for a must have the same degree as its conjugate a, and a, cannot have degree n over 91L if c = /, 4-t2a¡ 4-• ■ • t"a,"~x is in 9H. Hence, 91L is algebraically closed. Corollary 2.3. If T is a theory of integral domains in the language £, T \-1(0 = 1), T permits elimination of quantifiers, and 9IL is a model of T, then 911 is either a finite field or an algebraically closed field. Moreover, if 911 is a finite field, then it is the only model of T of its characteristic.
Proof. Since F permits elimination of quantifiers, Fv has the amalgamation property. Furthermore, F is the model-companion of Fv, so each model of T is an existentially complete model of Fv. The main conclusion now follows from Theorem 2.1. If moreover 9H is finite, then it cannot be embedded in any larger model of F. Yet since Fv has amalgamation, 9lt can be jointly embedded with any other model of F of the same characteristic as 91L into a third model of T. Hence 9H must be the only model of T of its characteristic.
Corollary
2.4 (A. Macintyre [4] , B. Rose [6] ). // 9H is an integral domain and the complete theory of 911 in the language £ permits elimination of quantifiers, then 911 is either a finite field or an algebraically closed field.
3. Theories of ordered fields and ordered integral domains. In this section the first order language £ will have nonlogical symbols 0, 1,+ ,-,-,< .
Theorem 3.1. Assume that S is a universal theory of ordered integral domains, S r--i(0 = 1), and S has the amalgamation property. If 91L is an existentially complete model of S, then 9H is a real closed field.
Proof. 9lt has characteristic 0 and so is infinite. By forming a suitable ultrapower of 9H and then extending to an existentially complete model of S if necessary, one may assume that 9H contains an infinite set V of elements which are algebraically independent over the rational numbers Q and have the property that the integers Z are not cofinal in the subring Z[t] for any t G V. An element s of 91L will be called positive infinite if s > n for each n E Z. An element s of 91L will be called an infinitesimal if 0 < s < l/n for all n E Z or if -1/n < s < 0 for all n E Z. Proof of sublemma. As before, 9H N Vx(^ <-» V A(\p)) and each formula in A(\p) is a quantifier free conjunction. In the case of ordered integral domains, the conjuncts can be assumed to have the form p(x) = 0 or 0 < q(x) where p(x) and q(x) are polynomials with integer coefficients. Since 911 ¥ \p(a), each formula x in A(\p) has a conjunct p(x) = 0 for a nontrivial polynomial p(x) or a conjunct 0 < q(x) where the coefficient of the highest power of x in q (the coefficient of the least power of x in q with a nonzero coefficient when a is positive infinitesimal) is negative. Hence, if b is positive infinite (positive infinitesimal, respectively), then 91L ¥ x(b) for any x in A(\p), so 911 1= -, yp(b).
Proof of Theorem 3.1 (continued).
(1) Each positive infinite element has an nth root for each n > 2. To verify this, let t E 911 be positive infinite, and apply the sublemma to the formula Vy~i(y" = x) and the element t".
(2) Each infinite element has a multiplicative inverse. To verify this, let / be a positive infinite element. Then t2 + 1 is positive infinite and so by (1) has a square root s which is positive infinite. Then s + t is positive infinite and (s + t)(s -t) = 1. Now apply the sublemma to the formula Vy-i(xy = 1) and the element s + t. There is a formula x(x) in A(ip) for which 9H t= x(t)-As before, x may be assumed to be a conjunction of formulas of the form p(x) = 0 and 0 < q(x) since S is a theory of ordered integral domains. Moreover, for each conjunct of the form p(x) = 0 the polynomial p(x) must be trivial. Let 0 < q¡(x) for / = 1, . . . , k be the remaining conjuncts of x, so 9lt N A o < q¡(t). one has that (b\, ..., b'") € %. Then 9IL N \(b'x, ■ ■ ■ , b'n) so 9IL N »Kb'), but this contradicts that y " 4-b\y"~x + ■ ■ ■ + b'" has the zero ß' in 91L. Hence, y" 4-txy"~x + ■ • ■ +t" has a zero in 9IL.
(7) 9lt is real closed. Suppose that ax, . . . , an G 91t, n is odd, and yn-r-a,y''~1-r----+an does not have a zero. Then proceeding as in step
